In this work we present a new class of braneworld models, where the superpotential function may be decomposed in a very specific form, but still embracing, which allows considerable simplifications in the field equations. We exemplify the method with two specific models that are extended versions of superpotentials already considered in the literature. As one can see in the examples, the braneworld scenarios obtained here present very interesting features, such as split brane mechanism and asymmetric warp factor shape, which is essential to address the hierarchy problem in the context of thick brane scenarios.
et. al. [7] and, independently, by Gremm [8] , where the full spacetime is a five-dimensional manifold with warped geometry and, our four-dimensional Universe is interpreted to be a thick brane generated by a scalar field coupled to gravity (see [9] for an updated review in thick branes scenarios). In this context, the brane is interpreted as being a domain-wall where the standard model fields are localized in.
The developing of thick brane models has been achieving many important results [10] - [20] . We emphasize the possibility of splitting brane mechanism, where the resulting setup supports two different branes corresponding to a double kink solution in the scalar sector [21] .
Recently, it was also proposed that the splitting brane mechanism, along with asymmetric properties in the warp factor, may be used to address the hierarchy problem in the context of thick brane scenarios [22, 23] .
Since those scenarios containing two different thick branes arise as a consequence of double kinks, it is natural to ask about the possible construction of multi-brane configurations related with the so-called multikink solutions. In fact, multikink configurations may be useful in modeling physical systems with many domain walls. In this vein, Peyrard and Kruskal [24] discovered that a single kink becomes unstable when it moves in a discrete lattice with large velocities, while multikink solutions remain stable. This effect is associated with the interaction between the kink and the radiation, and the resonances were already experimentally observed [25, 26] . However, some few works addressed the problem of obtaining analytical models presenting multikink solutions [27, 28] .
In this work, it is our intention to implement an approach which allows one to achieve both asymmetric and multi-wall branes. As we will see, multi-brane scenarios are not necessarily related with multikinks and, we will construct multi-brane configurations arising from scalar field models supporting usual kink solutions. The asymmetric resulting warp factor models are certainly appealing for approaching the hierarchy problem, while the warp factor symmetric multi-wall generalizations are interesting for braneworld modeling. This paper is organized as follows: in the next section we present the basic main steps of the method whose outcomes are obtained from the superpotential choices. In Section III we show how the polynomial superpotential can lead to asymmetric as well as multi-wall solutions to the background. Section IV is devoted to some extensions of the paradigmatic Gremm's model. Basically, it is shown how to get asymmetric and multi-wall solutions as well, by applying the simple aforementioned method. In Section V we depict the stability issue concerning metric fluctuation in general grounds and in the last section we conclude.
II. THE FRAMEWORK
We consider a braneworld scenario, in 4 + 1 dimensions, described by the Einstein-Hilbert action coupled to a system of n real scalar fields, namely
where g = det(g AB ). We use capital Latin index to label the coordinates of the five dimensional space-time, while small Latin index are used to label the scalar fields. The coordinates in the brane are represented by x µ (µ = 0, 1, 2, 3) while the bulk coordinate is denoted
The background is a warped space-time, being the line element written as
where η µν is the usual Minkowski metric with diag(−, +, +, +), and e 2A(r) is the so-called warp factor. We assume that the warp factor and the scalar fields only depends on the extra dimension r. For the above system, we obtain the following set of equations of motion
As the current approach, we consider that the potential function V (φ 1 , ..., φ i ) may be written in terms of a superpotential W (φ 1 , ..., φ i ) in the following way
In this case, it is possible to obtain a set of first-order equations that share the same solutions with (3) and (4), namely
At this point we will particularize the class of superpotentials that will be considered here showing that, apart considerable simplification in the calculations, this class of superpotential may generate very interesting braneworld scenarios, in particular regarding the hierarchy problem. We consider that W (φ 1 , ..., φ n ) may be written as a sum of superpotentials
where W i depends only on the field φ i , i.e.,
In such a case we have ∂W i (φ i )/∂φ j = 0 for i = j, therefore the first equation in (6) become
Upon integration we obtain
where we have defined ∂W i ≡ ∂W i /∂φ i . The integration constant r i arises as a consequence of the translational invariance and, as will be better visualized with a concrete example, the choice of this constant will determine the position of the branes. Now, notice that it is possible to solve the second equation (6) in a very simple way. In fact, let A i (r) a solution of the following equation
It is easy to check that A(r) = i A i (r) satisfies the second equation in (6), namely
Therefore, once we know how to solve Eq. (10) we may obtain the complete function A(r) by performing the sum over i
Finally, the warp factor e 2A(r) is given by the following expression
We shall consider scalar fields models that engenders domain walls solutions. According to the usual interpretation, each scalar field is associated to a given thick brane, the domain wall
itself. In order to analyze the brane formation within this framework, it will be important to investigate both the energy density and the scalar curvature associated to the models. The energy density related to the scalar field sector of (1) is given by the following expression
We may use the first-order formalism above exposed in order to rewrite the last equation as
On the other hand, the scalar curvature computed for the warped metric may be written in the following way
We interpreted that those regions where the branes are located, corresponds to transition regions in the scalar of curvature. Henceforth, after this general approach, let us particularize ou study to relevant braneworld models.
III. MODEL I: POLYNOMIAL SUPERPOTENTIAL
In this section we consider a model described by the following superpotential
that is, we are considering that each superpotential W i (φ i ) is given by
Substituting this expression in Eq. (8) we obtain
The solutions of the above equation are the usual λφ 4 kink, which are given by
where r i is an integration constant associated to the translational invariance, representing the center of the kink. As one can see each scalar field φ i (r) represents a domain wall centered at r i . Substituting Eq. (20) in (18) and then substituting the result back into (10), we obtain
where we use ξ i = r − r i . Integrating the above equation we obtain the following result
being C i an integration constant. Summing over i, we get
where
In order to fix the integration constant C we impose that A(r) = 0, wherer is defined as the average value of the coordinates of center of the kinks
Imposing the above condition we obtain
where we denoteξ i =r − r i . Substituting this result in Eq. (23) we have
Finally, the warp factor is given by
Having settled to model, we shall consider some particular cases, namely n = 2 and n = 3, in order to better analyze the results obtained in this section.
A. Case n = 2
Taking n = 2 in Eq. (27), we may rewrite the warp factor as follows
In Fig. 1 we plot the warp factor for three different values of the parameters r 1 , r 2 , λ 1 and λ 2 . Note that r 1 and r 2 performs a kind of splitting brane mechanism, while λ 1 and λ 2 controls the symmetry of the problem. In the figures 2 and 3 we plot, respectively, the energy density and the scalar curvature. In this case, using n = 3 in Eq. (27), we may rewrite the warp factor as follows
In Fig. 4 it is shown the plot of the above warp factor for two cases. The respective energy densities are shown in Fig. 5 . However, Figs. 4 and 5 are not particularly useful to see the background properly. In Fig. 6 we plotted scalar of curvature. The solid line in Fig. 6 supports the interpretation of the formation of three branes, corresponding to those transition regions in the scalar of curvature, whose core are positioned at r 1 , r 2 and r 3 . We see, from the warp factor shape, that in this case it is not viable to approach the hierarchy problem. It still interesting, however, to see how a plethora of braneworld models can be generated from the general formulation of Section II. 
IV. MODEL II: EXTENSION OF GREMM'S MODEL
The second model considered in this paper is described by the following superpotential
that is, each superpotential W i (φ i ) is given by
As one can see, this superpotential may be understood as an extension of the model considered by Gremm in Ref. [8] . The first-order equations for the scalar fields reads
whilst the solutions of the above equations are the well known sine-Gordon kinks, which are given by
Substituting the above expression in Eq. (31) and then substituting it back in Eq. (10) we obtain, after integration,
where C i is an integrating constant. Summing over i, we obtain the following expression
By imposing A(r) = 0, wherer = n i=1 r i /n, we conclude that
Substituting the last equation in Eq. (35), we arrive at
Finally, the warp factor obtained for this model is given by the following expression
In the particular case where n = 2 we obtain the following warp factor are very similar to the results obtained for model I (also for n = 2) and, therefore, the same qualitative discussion performed to that case may be applied here.
B. Case n = 3
Using n = 3, it is straightforward to see that we may rewrite the warp factor as Once again, as one can see in Figs. 10, 11 and 12, the graphical results show a huge resemblance with model I (for n = 3), the differences being at the detail level. Hence, the same qualitative behavior is expected here.
V. STABILITY AND METRIC FLUCTUATION
In this section we investigate the metric fluctuation regarding the braneworld scenario.
For the metric fluctuations we adopt a gauge where the perturbed interval becomes [7, 8] 
where h µν = h µν (x α , r) represents small perturbations. In general, we may also consider small perturbations around classical solutions of the scalar fields, but in this case, the set of differential equations obtained are too complicated. However, the situation may be simplified if one consider only the transverse and traceless sector of the metric fluctuation, which may be obtained by acting with the projector operator in h αβ , that ish µν = P µναβ h αβ (for further details see [7] ). In this sector the metric fluctuation decouples from the scalar fields and we obtain the following equation
Now, performing the function redefinitionh µν (x α , r) = e i k. x e
A(r) ψ µν (r) and the variable transformation z = e −A(r) dr, we can recast the above equation as a quantum mechanics-
where the effective potential is defined by
In terms of the variable r the effective potential may be written as
In order to analyze the stability we note that the Hamiltonian-like operator, defined bŷ
and consequently the eigenvalues k 2 are strictly positives, which ensures the stability with respect to the metric fluctuations. The zero mode ψ 
Integrating the above equation with respect to z, we obtain 
where N µν is a normalization factor. Returning, then, to the variable r we get simply A i (r) .
VI. CONCLUDING REMARKS
In this work we introduced a general method that can be used to construct analytical braneworld models coming from an arbitrary number of scalar fields. Interestingly, the models obtained through the use of this method are direct compositions of one-field models in the usual Minkowski space-time but, in the braneworld scenario a very nontrivial result shows up. After a general introduction of the approach, we implemented the idea in two situations, the first one where polynomial superpotentials are used in the described construction, and a second one using periodic sine-Gordon type superpotentials were used.
It is important to remark that the method is not restricted to the use of the combination of one-field nonlinear superpotentials. In fact one could combine two or more superpotentials where two or more coupled scalar fields appear non trivially, as the ones used in a number of publications [11, 21, 23] .
The braneworld scenarios established here present the interesting features of brane splitting and, in some cases, an asymmetric warp factor. The type of extension performed in obtaining these models brings a twofold characteristic in its scope: on the one hand it is a slight mathematical extension of the usual approach, not bringing much additional technical difficulty. On the other hand, as shown, it may generate relevant results in the thick braneworld modeling.
